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A B S T R A C T

Thermodynamic modelling of Ti-Zr-N system is performed using Calphad method coupled with ab initio
calculations. The energies of formation of stable and metastable end-members of sublattice formulations of
solid phases in Zr-N system and enthalpy of mixing of the mixed nitride (Ti, Zr)N (δ) are calculated using ab
initio method. Phonon calculations are used to compute the Gibbs energies of stoichiometric ZrN and the mixed
nitride δ. With the aid of experimental thermochemical and constitutional data from the literature along with
the results of ab initio calculations, thermodynamic optimization is carried out to obtain the Gibbs energy model
parameters.

1. Introduction

Transition metal nitride coatings are of great interest in applica-
tions like cutting and forming tools due to their high hardness and wear
resistance. Titanium nitride (TiN) coatings are currently used in these
applications and studies on improving these coatings is predominantly
focused on TiN-based alloy coatings and multi layers [1]. (Ti,Zr)N is
one such system that is of interest due to its elevated temperature
mechanical and tribological properties [2]. It has been observed that
(Ti,Zr)N coated cemented carbide tips showed improved cutting
performance, which is attributed to the alloying effect of Zr with Ti
in fcc-TiN unit cell [3]. It has also been observed that if high
temperatures are achieved at chip-tool contact zone, owing to the high
cutting speed, spinodal decomposition can occur at the contact zone,
which leads to further increase in hardness and wear resistance [4].
Hence, the knowledge of phase equilibria will be helpful in under-
standing the phase evolution and fine-tuning the chemistry of these
coatings in order to enhance its properties.

2. Binary systems

2.1. Ti-N system

There are five equilibrium phases present in this system: liquid,
(βTi), (αTi), TiN and Ti2N. In the present work the Gibbs energy
description by [5] is used. The corresponding calculated phase diagram
is shown in Fig. 1.

2.2. Ti-Zr system

The phase diagram of this system is relatively simple with three
phases namely liquid, (βTi, βZr) and (αTi, αZr). Gibbs energy descrip-
tion by [6] is revised here mainly to have better agreement with the
enthalpy of mixing of liquid phase measured subsequently by [7].

2.3. Zr-N system

The Zr-N phase diagram, which was modelled initially by [8,9] and
subsequently improved by [10]. It is re-assessed here mainly because
some critical experimental data available in the literature was not used
for optimization by [10]. The crystallographic data for the equilibrium
phases in this system are summarized in Table 1. The sources of
constitutional data for this system are given in Table 2. Table 3 lists the
details of the co-ordinates of invariant equilibria reported in the
literature. The sources of experimental thermochemical data for
different phases are listed in Table 4. The melting temperature of
ZrN was reported as ≈3273 K at 1 atm by [11] and was measured to be
around 3670 K at pressure slightly greater than 60 atm by [12].

3. Ternary system

Only limited experimental information is available for Ti-Zr-N
system. According to [27] mono nitrides of titanium and zirconium
are completely miscible at 2000 K. Later studies by [28] indicated that
the ternary mixed nitride δ is immiscible at least till 2000 K. There is
no experimental data on the coordinates of critical point of the
miscibility gap. However, there are several ab initio calculations related
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to this in the literature. These are summarized in Table 5. Partial
(Ti Zr0.5 0.5)-N isopleth was determined experimentally by [29]. Since,
the duration of isothermal nitridation is not mentioned, it is not clear
whether the equilibrium is achieved in those studies. Hence, their data
is not considered in this work.

4. Thermodynamic models

Gibbs energy functions for the elements are from the SGTE
compilation [33]. The sublattice formulation used for modelling
Gibbs energies of various phases in Zr-N, Ti-Zr and Ti-Zr-N system
are summarized in Table 6.

The liquid phase is modelled using a single lattice random
substitutional solution and the terminal solid solution phases are

modelled with two sublattices, one occupied by Ti and Zr and the
other by N and vacancy (Va). The excess Gibbs energy for these phases
are expressed using Redlich-Kister-Muggianu scheme [34,35].

5. Ab initio calculations

The experimental thermochemical data available for Zr-N and Ti-
Zr-N systems are rather limited. Hence, we performed ab initio
calculations to the obtain thermochemical properties in these systems.
All calculations at 0 K were carried out using Vienna Ab initio
Simulation Package (VASP) [36,37] supplied with MedeA [38] user
interface. The VASP input parameters used in this study for relaxing
the structures are listed in Table 7. The enthalpy of formation of a

Fig. 1. Calculated Ti-N phase diagram [5].

Table 1
Zr-N: details of solid phases [13].

Phase Composition (at% N) Pearson symbol Space group

(βZr) 0–5 cI2 Im 3m
(αZr) 0–24.7 hP2 P63/mmc
ZrN 40–50 cF8 Fm3m

Table 2
Zr-N: summary of constitutional data.

Phase boundary measured Method Reference

L/L+(βZr) Incipient melting [14]§

L/L+(αZr) Incipient melting [14]§

L/L+ZrN Incipient melting [14]§

(βZr)/(βZr)+(αZr) Metallography [14]
(βZr)+(αZr)/(αZr) Metallography [14]
(αZr)/(αZr)+ZrN Metallography [14]
Zr-rich boundary of ZrN Metallography, XRD [14]§

Metallography, XRD [15]§

Vapour pressure, XRD [16]
Vapour pressure [17]§

XRD, hardness, electrical resistivity [18]

§ Data not taken into account by [10].

Table 3
Zr-N: co-ordinates of invariant equilibria [14].

Equilibrium Composition (at% N) Temperature (K)

L + (αZr) ⇋(βZr) 4.4 ± 0.7, 16.8 ± 0.7, 5 ± 1.1 2153 ± 10
L + ZrN ⇋(αZr) 13.8 ± 0.7, 40 [18], 24.7 ± 1.7 2261 ± 15

Table 4
Zr-N: summary of experimental thermochemical data.

Phase Quantity Composition (at% N) Reference

ZrN Δ H °f 298 50 [18]
[19]
[20]§

[21]§

[22]§

[23]§

43.5– 47.1 [19]§

40.8– 42.5 [18]§

ZrN Cp,298
∘ 50 [24]

ZrN S298
∘ 50 [25]

ZrN H H°− °T 298 50 (371–1672 K) [26]§

ZrN 41.9–49 (1204 – 2387 K) [24]§

ZrN pN2 45–49.5 [12]§

(αZr) Δ Hf 298
∘ 9.9–14.5 [19]§

§ Data not taken into account by [10].

Table 5
Ab initio predictions of critical point of the miscibility gap in the δ phase of TiN-ZrN
system.

Critical point Reference

T (K) (xZrN)

5000 0.36 [30]
2670 0.35 [31]
1880* 0.35 [31]
1920 – [32]

* With vibration contribution.

Table 6
Sublattice formulations used for various phases in this work.

Phase Sublattice formulation

Zr-N
Liquid (N, Zr)1
(αZr) (Zr)1 (N, Va)0.5
(βZr) (Zr)1 (N, Va)3
ZrN (Zr)1 (N, Va)1

Ti-Zr
Liquid (Ti, Zr)1
(αTi, αZr) (Ti, Zr)1 (Va)0.5
(βTi, βZr) (Ti, Zr)1 (Va)3

Ti-Zr-N
Liquid (N, Ti, Zr)1
(αTi, αZr) (Ti, Zr)1 (N, Va)0.5
(βTi, βZr) (Ti, Zr)1 (N, Va)3
δ (Ti, Zr)1 (N, Va)1
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phase is approximated from the total energy at 0 K (E0) using the
following equation.

∑Δ H E ν E i(phase) ≈ (phase)− ( )
i

if 298
∘

0
=elements

0
(1)

where νi are the stoichiometric coefficients of the constituent elements
in the phase of a chosen stoichiometry. The enthalpy of formation of
various end-members in the sublattice formulation of phases in Zr-N
system, calculated using Eq. (1), are given in Table 8. The enthalpies
were calculated with respect to hcp-Zr and N2(g). The total energy
calculations for N2(g) were done according to the procedure given in
[39]. Hcp-Zr with half the octahedral voids filled with nitrogen and bcc-
Zr with all the octahedral voids filled with nitrogen was considered for
total energy calculations of ZrN0.5 and ZrN3 end-members, respec-
tively.

In order to compute the enthalpy of mixing of TiN and ZrN, special
quasirandom structures (SQS) [45] was used to model the random
distribution of metal atoms in the nitride solid solution. 16-atom SQS
structures were generated using mcsqs code [46] of Alloy Theoretic
Automated Toolkit (ATAT) [47]. The crystal structure of the mixed
nitrides obtained were triclinic and the correlation functions for
different configurations mimic the correlation function of the random
alloy for first few nearest neighbours. The structures were fully relaxed
and the enthalpy of mixing is calculated using the following equation.

Δ H δ E xE α x E α E( ) ≈ (Ti Zr N)− ( Ti)−(1− ) ( Zr)−0. 5 (N (g))x xmix 298
∘

0 1− 0 0 0 2

(2)

The calculated enthalpy of mixing (Fig. 2) using Eq. (2) indicates
demixing of the binary nitrides.

The finite temperature thermodynamic properties were estimated
using harmonic approximation as implemented in the PHONON code
[48] supplied with MedeA. A 2 × 2 × 2 supercell and 2 × 2 × 1 super-
cell with 64 atoms were employed for stoichiometric ZrN and SQS
structures of mixed nitrides, respectively. The Hellmann-Feynman
forces were calculated by displacing the atoms from its equilibrium
position with an amplitude of ± 0.02 Å. In the present work, harmonic
approximation is used rather than quasiharmonic approximation,
which is considered to be more accurate, since it will be computation-
ally more intensive to implement the latter for SQS structures. Also, the
Gibbs energy obtained using harmonic approximation (PHONON [48])
was found to be 0.2 and 4 kJ/mol of atoms higher at 300 and 3000 K,
respectively, in comparison with Gibbs energy estimated using quasi-
harmonic approximation (Phonopy [49]) for stoichiometric ZrN.
Hence, harmonic approximation was found to be sufficiently accurate
for the present purpose.

The Helmholtz energy (A°T ) obtained as a function of temperature
from these calculations were transformed to Gibbs energy with respect
to the so-called Standard Element Reference (SER) using the following
equation [50].

∑

∑

G ν H i E A

ν E i i

H H i pV i

(phase)− ( ) = (phase) + ZPE(phase) + (phase)

− [ ( ) + ZPE( )

+ ( − )( ) + ( ( ))]

T
i

i T

i
i

∘

=elements
298
∘

0
∘

=elements
0

298
∘

0
∘ (3)

where ZPE is the zero point energy. The values for (H H−298
∘

0
∘) are taken

from the SGTE compilation [33] and the ZPE are obtained from the
phonon calculations. For nitrogen molecule, the zero point energy is
obtained using the experimental vibrational frequency at 0 K [51]. The
pV term is evaluated only for nitrogen, which is treated as an ideal gas.
Hence, its value is calculated using the ideal gas equation. The Gibbs
energy calculated using Eq. (3) for stoichiometric ZrN and δ
(Zr Ti N0.25 0.75 ) is shown in Fig. 3. The phonon calculations for other
SQS structures of δ failed due to the occurrence of negative phonon
frequencies.

6. Optimization

The Gibbs energy model parameters for Ti-Zr, Zr-N and Ti-Zr-N
systems are optimized using PARROT module [52] of the Thermo-Calc
software [53].

Table 7
VASP input parameters.

Potential PAW [40,41]

Exchange-correlation functional GGA-PBE [42]
Energy cut-off 600 eV
k-point spacing ≤0.2 Å−1

k-point sampling scheme Monkhorst-Pack [43]
Geometric convergence 0.002 eV/Å
SCF convergence 10−7 eV
Integration scheme Tetrahedron with Blöchl correction [44]

Table 8
Enthalpy of formation of end-members in Zr-N system.

End-member Δ Hf 298
∘ (J/mol)

ZrN −341,593
ZrN0.5 −148,695
ZrN3 +280,996

Fig. 2. Enthalpy of mixing of (Ti, Zr)N phase (δ) calculated using SQS. Fig. 3. Gibbs energy obtained from phonon calculations.
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6.1. Zr-N

The experimental thermochemical and phase diagram data from
literature along with the results from ab initio calculations obtained
from this work were used as input in the optimization of Zr-N system.
Since ZrN had relatively large amount of thermochemical data, the
parameters for this phase was first optimized. Subsequently, the
enthalpy parameters for (αZr) and (βZr) phases were optimized with
the metastable end-member formation energies obtained from ab initio
calculations. Using the constitutional data, the alternate mode of
PARROT was used for generating the start values for the parameters
of liquid phase and the remaining parameters of (αZr), (βZr) and ZrN
phases and were further optimized using the full mode. Finally, by
including all the model parameters and data, optimization was carried
out and the parameters were rounded off according to the standard
deviation criterion suggested by [54].

6.2. Ti-Zr

Ti-Zr system was optimized using experimental thermochemical
and constitutional data. Liquid phase was chosen to be optimized first
due to the availability of thermochemical data. Subsequently, the
parameters of (αTi, αZr) and (βTi, βZr) phases were optimized with
the help of alternate mode followed by full mode.

6.3. Ti-Zr-N

The thermodynamic descriptions of Zr-N and Ti-Zr obtained in the
present work and Gibbs energy description of Ti-N from [5] were
combined according to the Muggianu scheme to form an initial

description for the ternary. The enthalpy of mixing of the binary
nitrides and Gibbs energy of the ternary nitride (δ) obtained from ab
initio calculations were used to optimize the ternary parameters for δ.
All the optimized parameters obtained in this work are listed in
Table 9.

7. Results

The calculated phase diagram of Zr-N system using the parameters
listed in Table 9 and its comparison with experimental data is shown in
Fig. 4. It can be observed that there is reasonably good agreement
between the experimental constitutional data and the calculated phase
boundaries. According to [14], the invariant reaction (L+(αZr)⇋(βZr))
occurring at 2153 K is peritectic. From Table 3, it can be observed that
the composition of liquid and (βZr) phases are very close for this
invariant reaction. Considering the reported error, the reaction can be
either eutectic or peritectic. Using these values as input in the
optimization, the nature invariant reaction changed from peritectic to
eutectic (L⇋(αZr)+(βZr)) in the present work. We found that forcing
the reaction to be peritectic makes it very difficult to fit. In Hf-N
system, a similar eutectic reaction occurs at 2463 K [55]. Since,
Hafnium and Zirconium are elements which are similar in their
chemical nature, it can be expected that the nature of invariant reaction
in Zr-N system can also be eutectic, with the available experimental
data. The comparison of experimental, ab initio and optimized values
of enthalpy of formation of the stable end-member ZrN is given in
Table 10. It can be observed that the optimized value falls within the
range of measured experimental enthalpies and is in reasonably good
agreement with the ab initio value. The calculated Gibbs energy of
stoichiometric ZrN fits reasonably well with the values obtained from
ab initio calculations at low temperature and fits accurately at high
temperature as shown in Fig. 5.

The comparison of calculated phase diagram with experimental
data [56–62] for Ti-Zr system is shown in Fig. 6. The calculated

Table 9
Gibbs energy parameters (in SI units) obtained in the present work.

Zr-N

Liquid: (N, Zr)1
0LLiquid

N,Zr =−427557
1LLiquid

N,Zr =−153838
HCP_A3: (Zr)1 (N, Va)0.5
0GHCP_A3

Zr:N = TGHSERZR + 0.5GHSERNN − 150903 + 43.853
0LHCP_A3

Zr:N,Va = T−139011 + 45.439
1LHCP_A3

Zr:N,Va =−41938
BCC_A2: (Zr)1 (N, Va)3
0GBCC_A2

Zr:N = TFT + 2GHSERNN + 632009 + 320.432
0LBCC_A2

Zr:N,Va =−1508137
FCC_A1: (Zr)1 (N, Va)1
0GFCC_A1

Zr:N =FT
0LFCC_A1

Zr:N,Va =+19575
T T T TFT = −367080.182 + 278.330233 − 46.4312194 ln( ) − .00352792791 2

E T T T+1.33236681 − 09 + 358416.094 (298.15 < < 2000)3 −1

T T T T−309671.768 − 11.4672139 − 9.01132806 ln( ) − .0142983599 2

E T T T+5.79050986 − 07 − 16048445 (2000 < < 2600)3 −1

T T T T−357218.131 + 237.61238 − 41.3250297 ln( ) − .00469480362 2

E T T T+5.0809381 − 08 − 3201806 (2000 < < 3225)3 −1

T T T T−302090.81 + 345.052575 − 58.5870002 ln( )(3225 < < 5000)

Ti-Zr
Liquid: (Ti, Zr)1
0LLiquid

Ti,Zr = T−20278 + 8.427
HCP_A3: (Ti, Zr)1 (Va)0.5
0LHCP_A3

Ti,Zr:Va = T+5707 − 2.403
BCC_A2: (Ti, Zr)1 (Va)3
0LBCC_A2

Ti,Zr:Va= T−4100 + 3.470

Ti-Zr-N
FCC_A1: (Ti, Zr)1 (N, Va)1
0LFCC_A1

Ti,Zr:N =+26027
1LFCC_A1

Ti,Zr:N =+8468

Fig. 4. Comparison of calculated Zr-N phase diagram with experimental data.

Table 10
Comparison between experimental, theoretical and optimized values of enthalpies of
formation of ZrN.

Method Δ H (J/mol)f 298
∘

Calphad −350,444
Ab initio −341,593
Experimental −336,519 [20]

−339,532 [18]
−343,800 [22]
−364,700 [23]
−365,263 [21]
−369,030 [19]
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enthalpy of mixing of liquid from the present work agrees well with the
experimental data in comparison with the previous assessment as
shown in Fig. 7.

The calculated TiN-ZrN section using the model parameters
obtained in this work is shown in Fig. 8. The critical temperature
and composition of miscibility gap was found to be 1844 K and 0.34
(xZrN), respectively. With reference to Table 5, the obtained values are

in reasonable agreement with the predictions of [31] since SQS method
was used in that work as well. The critical temperature was over-
estimated by [30] under the assumption of ideal solution behaviour
and underestimated by [32] using supercell method. This could be due
to the method used for modelling the random metal atom sites in the
mixed nitride. The partial isothermal section at 1473 K shown in Fig. 9
indicates the presence of δ-phase miscibility gap at that temperature.

8. Conclusions

Zr-N system is re-assessed with experimental information from
literature augmented with thermodynamic properties obtained from ab
initio calculations. Ti-Zr system was re-assessed by including recent
thermochemical information that was not available at the time of
previous assessment. The calculated phase diagrams are in good
agreement with the experimental data. Gibbs energy parameters for
Ti-Zr-N system are optimized using thermochemical data obtained
from ab initio calculations. The calculated critical temperature and
composition for miscibility gap matches well with the ab initio
predictions reported in the literature. However, existence of the δ
phase miscibility gap needs to be corroborated by experiments.
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